The purpose in this paper is to prove that there exists a lattice on certain solvable Lie groups and to construct a symplectic solvmanifold with the Hard Lefschetz property, and a locally conformal Kähler solvmanifold. We see that minimal models for these solvmanifolds are formal.
Introduction
On the existence of a lattice on a Lie group, it is well known that a nilpotent Lie group admits a lattice if and only if its Lie algebra has a basis whose structure constants are rational numbers. However, for solvable Lie groups, no such necessary and sufficient conditions are known.
In Section 1, we consider a 7-dimensional solvable Lie algebra g 1 given by
where a 1 , a 2 , a 3 are distinct real numbers such that a 1 + a 2 + a 3 = 0, and there exists λ ∈ R and m, n ∈ N satisfying that e a 1 λ , e a 2 λ , e a 3 λ are distinct roots of the polynomial f (x) = x 3 − mx 2 + nx − 1. The connected, simply-connected solvable Lie group G 1 whose Lie algebra is g 1 can be expressed as follows:
E-mail address: h-sawai@cr.math.sci.osaka-u.ac.jp. Benson and Gordon [5] constructed g 1 for (a 1 , a 2 , a 3 ) = (1, 2, −3). But, it is known that for any λ ∈ R and m, n ∈ N, there exist no polynomials f (x) = x 3 − mx 2 + nx − 1 whose roots are e λ , e 2λ , e −3λ [9] .
Let (M 2m , ω) be a compact symplectic manifold. We say that (M 2m , ω) has the Hard Lefschetz property if the mapping
, is an isomorphism for each k m. It is well known that a compact Kähler manifold has the Hard Lefschetz property and its minimal model is formal. In the case of a compact nilmanifold, either if L m−1 :
is an isomorphism, or if its minimal model is formal, then M is a torus [4, 10] . In the case of a compact solvmanifold, there are non-toral solvmanifolds M with the property that L m−1 :
is an isomorphism, or the property that whose minimal model is formal [13, 2, 17, 7, 5, 15] .
The 8-dimensional compact solvmanifold G 1 /Γ 1 × S 1 has a symplectic structure. In Section 2, we prove that the symplectic solvmanifold G 1 /Γ 1 × S 1 has the Hard Lefschetz property and its minimal model is formal (cf. [4] ). It is known that a compact Kähler solvmanifold is biholomorphic to a complex torus [3, 11] . Note that G 1 /Γ 1 × S 1 admits no left-invariant complex structures.
In Section 3, we consider a 4-dimensional solvable Lie algebra g 2 given by
The connected, simply-connected solvable Lie group G 2 whose Lie algebra is g 2 can be expressed as follows:
We prove that [16] and the compact nilmanifold N/Γ × S 1 , where N is the Heisenberg Lie group and Γ is a lattice of N [6] .
The 4-dimensional solvmanifold G 2 /Γ 2 was investigated in [1] . In particular, they [1] had shown that G 2 /Γ 2 has a locally conformal Kähler structure and no symplectic structures. Thus G 2 /Γ 2 has no Kähler structures. However, the minimal model for G 2 /Γ 2 is formal.
A proof of Theorem 1
In this section, we prove Theorem 1.
Note that the product of the group 
We consider the solvable Lie group
where the product of the group G 1 is given by ⎛ ⎝ t,
We can define an isomorphism ϕ :
So it is sufficient to prove that G 1 admits a lattice.
Let B ∈ SL(3, Z) be a unimodular matrix given by
The characteristic polynomial of B is given by f (x) = x 3 − mx 2 + nx − 1 and distinct eigenvalues of B are e a 1 λ , e a 2 λ ,
We define a diffeomorphism φ :
. We prove that Γ 1 is a lattice of G 1 . It is obvious that Γ 1 is discrete and φ(U ) is compact, where U = {(t, x i , z i ) ∈ R 7 : 0 t, x i , z i 1}. Thus it is sufficient to prove that Γ 1 is a subgroup of G 1 .
Then we get s(γ γ ) = λ(s + s ).
We see that
Hence,
By a straightforward computation, we get
where n ∈ Z. Thus we have the following:
where J = 0 0 0 0 0 −1 0 1 0
. Hence we get
Therefore Γ 1 is a subgroup of G 1 .
By a straightforward computation, we see that
so that f (x) has distinct positive roots e λ 1 , e λ 2 , e λ 3 . In the case of (a 1 , a 2 , a 3 ) = (λ 1 , λ 2 , λ 3 ), G 1 admits a lattice.
The property of the solvmanifold G
In this section, we prove that G 1 /Γ 1 × S 1 has a symplectic structure with the Hard Lefschetz property and its minimal model is formal. Note that a compact Kähler solvmanifold is biholomorphic to a complex torus [3, 11] .
A solvable Lie algebra g is called completely solvable if for each X ∈ g, ad(X) : g → g has only real eigenvalues. It is obvious that g 1 is completely solvable. Hattori [12] proved that the Chevalley-Eilenberg cohomology H * (g) of the completely solvable Lie algebra g is isomorphic to the de Rham cohomology of the solvmanifold H * DR (G/Γ ), where G is the simply-connected Lie group corresponding to g and Γ is a lattice of G.
Let {α, ζ i , η i } be a dual basis {A, X i , Z i } and β a dual basis to the S 1 -factor in G 1 /Γ 1 × S 1 :
By Nomizu-Hattori theorem [14, 12] , we know that
where [4] ). The solvmanifold G 1 /Γ 1 × S 1 has a symplectic structure
where pq = 0 and p
is expressed as follows with respect to the above basis:
Thus we see that every Lefschetz map is an isomorphism. and 3 and ρ(f ) = 0 induces an isomorphism on cohomology.
Proposition 2.2. The minimal model
Proof. We can easily check that the minimal model (ΛV , d) for G 1 /Γ 1 × S 1 is 3-formal (see definition in [8] By a straightforward computation, we see that any almost complex structure on g 1 × R is not integrable.
A proof of Theorem 2
In this section, we prove Theorem 2. Note that the product of the group
where the product of the group G 2 is given by
So it is sufficient to prove that G 2 admits a lattice. Let B be a unimodular matrix with distinct positive eigenvalues α, α −1 given by
. We prove that Γ 2 is a lattice of G 2 . By the same argument in Section 1, it is sufficient to prove that Γ 2 is a subgroup of G 2 . Then G 2 is described as the semi-direct product G 2 = H ϕ R 2 , where ϕ is the automorphism of R 2 given by ϕ(t, x) = 1 e −t x 0 e −t . Andrés et al. [1] claimed that G 2 admits a lattice Γ of the form Γ = Γ 1 ϕ Γ 2 , where Γ 1 ⊂ H and Γ 2 ⊂ R 2 are lattices, respectively. However, H is not unimodular. So H admits no lattices.
